THE IVP FOR THE BENJAMIN-ONO EQUATION IN 
WEIGHTED SOBOLEV SPACES II 



GERMAN FONSECA, FELIPE LINARES, AND GUSTAVO PONCE 

Abstract. In this work we continue our study initiated in |10l on the unique- 
ness properties of real solutions to the IVP associated to the Benjamin-Ono 
(BO) equation. In particular, we shall show that the uniqueness results es- 
tablished in 1101 do not extend to any pair of non-vanishing solutions of the 
BO equation. Also, we shall prove that the uniqueness result established in 
|10l under a hypothesis involving information of the solution at three different 
times can not be relaxed to two different times. 



1. Introduction 

This work is concerned with special decay and uniqueness properties of real 
solutions of the initial value problem (IVP) for the Benjamin-Ono (BO) equation 



(1.1) 



dtu + Tid^u + udxU — 0, t,x £ 
u{x,0) = uo{x), 



where Ti denotes the Hilbert transform 

TT X 



(1.2) 



i lini f li^^dy = (sgn(0 7(0)^ (^)- 

1" <^10 J\y\>e y 



The BO equation was deduced by Benjamin |3j and Ono ^20j as a model for long 
internal gravity waves in deep stratified fluids. Later, it was also shown that it is a 
completely integrable system (see [2], [B] and references therein). 

The problem of finding the minimal regularity property (measured in the Sobolev 

scale H^{R) = (l — 9^) L^(]R), s e M) required in the data uq which guarantees 
that the IVP is locally wellposed (LWP) (global wellposed (GWP) follows by 
combining the LWP and the conservation laws) has been extensively considered. 
Thus, one has the following list of works: in [21] s > 3 was proven, in [T] and [T3] 
s > 3/2, in t21] s > 3/2, in [16] s > 5/4, in [15] s > 9/8, in [23] s > 1, in [4] 
s > 1/4, and in [l^ s > 0. It should be pointed out that the result in [19] (see 
also [T7]) implies that no well-posedness result in i?*(R), s G M can be established 
by a solely contraction principle arguments. For further results on uniqueness and 
comments we refer to ^18j . 

Our study here includes both the regularity and the decay of the solution mea- 
sured in the sense. More precisely, we deal with persistence properties (i.e. if 
the data uq belongs to the function space X, then the corresponding solution of 
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defines a continuous curve on X , u e C([0, T] : X)) of real valued solutions of 
the IVP (II. 1|) in the weighted Sobolev spaces 

(1.3) Zs,r^ H'{m.)r\L^{\x\'^''dx), s, reR, 
and 

(1.4) Z,^r = {/ e H'{R) n L^dxp'^dx) : /(O) = 0}, s, r € M. 
Notice that the conservation law for solutions of ()l.ip 

uo(a::)(ia; = / u{x,t)dx, 

-oo J — oo 

guarantees that the property uo(0) = is preserved by the solution flow. 

As an extension of the results in |13j , |14j the following theorems were proven in 

m- 

Theorem A. ([10]) (i) Let s > 1, r e [0,s], and r < 5/2. If uq e Z^^r, then the 
solution u{x,t) of the IVP (jl.ip satisfies that u € C(R : Z^^r)- 

(ii) For s > 9/8 (s > 3/2), r e [0, s], and r < 5/2 the IVP ^ is LWP (GWP 
resp.) in Zg^r- 

(Hi) If r e [5/2, 7/2) and r < s, then the IVP ^Jij is GWP m Zs,r- 

Theorem B. (p^) Let u e C(R : ^2,2) be a solution of the IVP (HH]). // there 

exist two different times ti , i2 S K such that 

(1.5) 

M(-,tj) e ^5/2,5/2, j = l,2, then uo(0) = 0, (so -«(•, t) G Z5/2, 5/2, Vi G ii). 

Theorem C. ([lOj) Lei u e C(M : ^3,3) be a solution of the IVP (HIT]). // there 
exist three different times ti,t2,t3 G R such that 

(1.6) M(-,ii) e Z7/2J/2, j = 1,2,3, then u{x,t) = 0. 

Remarks : (a) Theorem A part (ii) with s > r — 2, Theorem A part (iii) with 
s > r = 3, and Theorem C with s = r = 4 were proved by lorio, see |13j . |14j . 

(b) Theorem B shows that the condition mo(0) = is necessary for persistence 
property of the solution to hold in 5/2, with s > 5/2, so in that sense of Theorem 
A parts (i)-(ii) are optimal. Theorem C affirms that there is an upper limit of the 
spatial L^-decay rate of the solution i.e. 

\x\'^/'^u{-,t) ^ L°^{[0,T] : L^{R)), VT > 0, 

regardless of the decay and regularity of the non-zero initial data uq- In particular, 
Theorem C shows that Theorem A part (iii) is sharp. 

In view of the results in Theorem A, Theorem B, and Theorem C the following 
two questions present themselves. 

Question 1 : Can these uniqueness results be extended to any pair of solutions 
ui, U2 of the (|l.ip with ui 7^ 0, U2 ^ 0? 

We recall that the uniqueness results obtained in [8] for the IVP associated to 
the fc-generalized Korteweg-de Vries (/c-gKdV) equation 

(1.7) dtu + dlu + u''dxU = Q, i,xeR, 
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and those in [9] for the IVP associated to the semi-hnear Schrodinger (NLS) equa- 
tion 

(1.8) idtu + Au^ F{u,u), tGR,a;eR", 

hold for any pair ui, U2 of solutions in a suitable class. 
Our first result gives a negative answer to Question 1: 

Theorem 1. There exist ui, U2 G C(R : .^4.2), wi ^ 0, U2 7^ solutions of the 
IVP dm]) such that 

Ml ^ U2 

and for any T > 

(1.9) ui -U2 e L°°([-T,T] : ^4,4). 

Remarks : (a) Combining the argument presented here and those used in |10j 
relying on the notion of A2 weight one can extend the result in Theorem [1] to the 
index ^5,9/2- by assuming that ui, U2 G C(R : ^5,2)- This tells us that for a 
uniqueness result compromising any pair of suitable solutions of the BO equation 
to be valid it should require a decay index r > 9/2. 

Next, we observe that the hypothesis (|1.6p in Theorem C involves a condition 
on the solution u(x,t) at three different times ti < t2 < t^. 

Question 2: Can the assumption ()1.6p in Theorem C be reduced to two different 
times ti < t2? 

We recall that the uniqueness results for the fc-gKdV in [8], for the NLS in [9], 
those obtained in [TT] for the IVP associated to the Camassa-Holm equation 

(1.10) dtu — dtd^u + 3udxU — 2dxud'^u — ud^u — Q, x e R, 

as well as many other deduced for dispersive models require a condition involving 
only two different times. 

Surprisingly, our second result shows that for the BO this is not the case, the 
condition involving three different times in Theorem C is necessary: 

3 M G C(R : ^5,7/2-), w 7^ 0, solution of (|l.ip for which there are ^1,^26 R, ti 7^ 
t2 such that 

-u(-,ij) G ^5^4 C ^7/2,7/2-, j = l,2. 

More precisely, we shall prove : 
Theorem 2. For any uq G Z^ ^ such that 

poo 

(1.11) / xuo{x)dxj^O, 



the corresponding solution u G C(R : .^5,7/2-) of the (jl.ip provided by Theorem A 
part (Hi) satisfies that 

(1.12) M(-,r)G^5,4, 

where 

(1.13) t* = —J. — T-iy / xuo{x)dx. 

WuoM i-00 



4 



GERMAN FONSECA, FELIPE LINARES, AND GUSTAVO PONCE 



Remarks : (a) The result in Theorem [5] is due to the relationship between the 
dispersive part and the structure of the nonlinearity of the BO equation. In par- 
ticular, one can see that if uo G ^5^4 verifies then the solution W{t)uo{x) of 
the associated linear IVP 

dtu + Hdlu — O, u{x,0) ^ uo{x), 

satisfies 

Wit)uoix) = c(e-'*l«l«^I5(0)^ e L\\x\'-) ~ L^{\x\'), Vi ^ 0. 

However, for the same data uq one has that the solution u{x,t) of the IVP (ll.ip 
satisfies 

u{-,0), u{-,t*) e L^{\x\^dx), and u{-,t) € L^{\x\'^-) - L^dxl"^), \ft^{0,t*}, 
with t* as in (fTTSl) . 

(b) The value of t* described in (|1.13p can be motivated from the identity 

— J xu{x,t)dx^ -\\u{-,t)\\l^ -\\uo\\l 

(using the second conservation law which tells us that the norm of the real 
solution is preserved by the solution flow) which describes the time evolution of the 
first momentum of the solution 

f°° t 
xu{x,t)dx= / a;wo(a;)(ia; + -||mo||2- 
^ J —00 ^ 

So assuming that 

/oo 
xuo{x)dx 0, 
-00 

one looks for the times where the average of the first momentum of the solution 
vanishes, i.e. for t such that 

/ xu{x,t')dxdt' = / (/ xuQ{x)dx + —\\uo\\l)dt' = 0, 
J-00 Jo J-00 2 

which under the assumption (jl.l4l) has a unique solution t — t* given by the formula 
in (ILTOI) . 

(c) To prove Theorem [5] we shall work with the integral equation version of the 
problem Roughly speaking, from the result in [TH] one cannot regard the 
nonlinear term as a perturbation of the linear one. So to obtain our result we 
use an argument similar to that introduced in |14| . This is based on the special 
structure of the equation and allows us to reduce the contribution of two terms in 
the integral equation to just one. Also the use of the integral equation in the proof 
and the result in |19] explains our assumption uq e Z5 4 instead of the expected 
one from the differential equation point of view mq G ^4,4. 

(d) One may ask if it is possible to have a stronger decay ai t — t* than the one 
described in (jl.l2p . In this regard, our argument shows that for uq G Zg 5 it follows 
that 
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if and only if 

pt* poo 

(1.15) / / u{x,t)dxdt = Q. 

Jo J ~oo 

However, the time evolution of the second momentum of the sohition does not seem 
to have a simple expression which allows to verify the identity ()1.15|) . 

(e) The result in Theorem [2] can be extended to higher powers of the BO equa- 
tions 

dtu + 'Hdlu + u'^^+^d^u = Q, fc = 0,l,2,... 

where the formula (|1.13l) for t* in this case will be given as the solution of the 
equation 

j\j X uo{x)dx + \Ht')\\llXl dt') dt = 0, fc = 1, 2, ... 

It is clear that if such a time t* exists it is unique. 

(f) A close inspection of the proof of Theorem C in [10] gives us the following 
result which allows us to establish a uniqueness result with a condition involving 
only two times ti = 0, ^2 7^ for a suitable class of solutions: 

Theorem 3. Let u G C(K : ^7/2,3) be a solution of the IVP (jl.ip for which there 
exist two times ti, t2 E M, ti ^ t2 such that 

u{-,tj) e Zr/2,7/2- 

If 

J xu{x,ti)dx = or J X u{x,t2)dx = 0, 

then 

u{x, t) = 0. 

(g) In a forthcoming work we shall consider the extensions of the results estab- 
lished here and those in [TUl to solutions of the IVP for the dispersive model 

dtu + Dl+''d^u + ud^u = 0, t,2;eM, ae(0,l), 

where 

Thus, the cases a — Q and a = 1 correspond to the BO equation and the KdV 
equation, respectively. 

We rccaU that if for a solution u e C(M : iJ'*(R)), s > of one has that 
3to e M such that it(x,to) e 7J^'(M), s' > s, then u e C(M : H^'iR)). So the 
propagation of the i?*(R) regularity of the solution is not an issue. 

As it was mentioned above, the proof of Theorem |3] is contained in the proof of 
Theorem C given in (10) . therefore it will be omitted. 

The rest of this paper is organized as follows: section 2 contains all the estimates 
needed in the proof of Theorems [T] and [2] The proof of Theorem [T] will be given in 
section 3. Theorem [2] will be proven in section 4. 
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2. Preliminary Estimates 



As in [To] we shall use the following generalization of the Calderon commutator 
estimates [S] found in [7]: 

Theorem 4. For any p e (l,oo) and l,m ^ Z+ U {0}, I + m > 1 exists c — 
c{p; I; m) > such that 

(2.1) \\di[n;a]dTf\\p<c\\di+"^a\U\f\\p- 

We shall also use the pointwise identities 

[n;x]d^f^[H;x^]dlf^O, 

and more generally 

[H; x]f — if and only if J fdx — 0, 

and 

[H; x^]f = if and only if J fdx ^ J xfdx = 0. 

To justify the finitcncss of the quantities involved in the energy estimate used 
in the proof of Theorem [1] we introduce the truncated weights wjv (x) . Using the 
notation (x) = (1 + x^y^^ we define 



(2.2) 



WNix) 



(x) if \x\ < N, 
2N if \x\ > 3N, 



wn{x) smooth and non-decreasing in |x| with w'j^{x) < 1 for all x > 0. We observe 
that 

xw'j^{x) < cwn{x), 
where the constant c is independent of N. 

3. Proof of Theorem [U 
We take two solutions ui, U2 of (jl.ll) whose data ui^O: U2fl satisfy 
(3.1) Ui{x,Q) ^ uifl{x), U2{x,Q) ^ U2fi{x) e Zi^i, 

with 

✓ j'OO /"OO 

ui{x,Q)dx— I U2{x,0)dx, 



(3.2) 



X 0) dx - 

"l,o||2 = ||W2,01|2, 



X U2{x, 0) dx, 

Ul,0 ^ U2,0 



Thus, from the result in [10] it follows that 

ui, U2 G C(M : ^4,5/2-)- 
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Defining 

v{x, t) = Ul{x, t) — U2{x, t), 

one sees that v verifies the linear equation 

(3.3) dfV + Hdlv + uidxV + dxU2v — 0, 
with 

(3.4) z;GC(R 1^4,5/2- ), 
and 

v{x,t)dx^ / xv{x,t)dx ^0, VteR. 

-OO J —CO 

The identities in p.Sp follow by combining our hypothesis p.2p . the first conserva- 
tion law 



Uj{x,t)dx= / Ujfl{x)dx, 6 R, j = l,2, 

D J —GO 

and the identity 

d r°° 1 1 

— y 2:uj(a:,0da: = -||uj(t)||2 ^ -||uj-o||i Vi G K, J = l,2. 

Now, differentiating the equation in p.3p and multiplying the result by wj^ we 

get 

(3.6) dt{w%dxv) + w%Udl d^v + w% d^iuAv + vd^U2) = 0. 

We rewrite the second term in p.6p as 
wlfUdl dxV 

^n{wldld,v)-[n;wl]dlv 

= Hdl{wl d,,v) - 2nid,w%dlv) ~ U{dlwl d^^v) ~ [n; w%]dl v 

= Gi + G2 + G3 + G4. 

Theorem U yields the inequality 

\\G42 = \\[H-,wl]dlvh<c\\v\\2. 

with c denoting a constant independent of N which may change from line to line. 
Also one has that 

\\G:i\\2^\\n{dlwld^v)\\2<c\\dM\2- 
To control IIG2II2 we use integration by parts to get that 

\\wMdlv\\l<\\wldM\ \\dlvh + \\dM\l 

so 

IIG2II2 = \\H{d^wldlv)h < WwNdlvh < c{\\wldM\2 + \\v{t)ha)- 
In the energy estimate the contribution of the term Gi is null, since inserting it 
in p.6p . multiplying the equation p.3p by wj^dxV, and integrating the result in 
the space variable after integration by parts it vanishes. It remains to bound the 
contribution from the third term in (|3.6p in the energy estimate, i.e. 



Ni{t) = \ / w%dx{uidxV + vdxU2)w%dxvdx\. 
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Using the hypotheses and integration by parts it foUows that for any T > 
Ni{t) < CT(||a,ui(i)||oo + \\d^u2mo.)\\w%d,v\\l 

+ CT\\ui\\ao\\xdxV\\2\\w%dxV\\2 + Ct 1 1 9^U2 (i) || oo 1 1 || 2 || W^C^a;^ || 2 

< CTi\\w%dMt)h + \\w%9Mt)\\l), V< e [-T,T], 

with ct denoting a constant depending on the initial solutions and on their data 
but independent of N whose value may change from to line. Collecting the above 
information we conclude that for any T > 

sup \\W% da;V{t)\\2 < CT- 

te[-T,T] 

Therefore, taking t oo it follows that for any T > 
(3.8) sup \\x^dMt)\\2<MT, 

tG[-T,T] 

with Mt denoting a constant depending only on initial parameters and on T and 
whose value may change from line to line. Since by hypothesis we have 

sup \\dlv{t)\\2 < Mt, 

ie[-T,T] 

by integration by parts one gets that for any T > 

sup \\xdlv{t)\\2 < Mt. 
te[-T,T] 

Next, from the identity 

xHdlv ^n{xdlv) = Hdlixv) - 2nd^v, 
we get the equation for wj^xv 

dt{w%xv) + ndl{w%xv) - 2n{d^w%d^{xv)) - n{dlw% xv) 

^^•9^ 2 2 2 2 

- [H; Wpf]d^{xv) - 2wpf'HdxV + Wjy x{uidxV + vdxU2) = 0. 
We recall that for all t G M 

/OO /"CO 
v{x,t)dx= / xv{x,t)dx^O, 
-OO J — OO 

so that 

(3.11) xH{v) = H{xv), and x'^H{v) = H{x'^v). 

The following string of estimates 

\\'H{dxW%dx{xv))\\2 < c{\\wNxdxv\\2 + WwNvh) < c{\\x'^dxv\\2 + \\xv\\2), 

\\n{dlw% XV)\\2 < C\\XV\\2, 

(by Theorem El) 

\\['H;w%]dl{xv)\\2 < c\\dlw%\\oo\\xv\\2 < c||a;w||2, 

(by (EUD) 

\\w%HdxV\\2 < + X^)HdxV\\2 

< Wdxvh + \\x^ndxv\\2 < \\dxv\\2 + \\xn{xdxv)\\2 

< Wdxvh + \\n{x^dxv)\\2 < \\dxV\\2 + \\x^dxv\\2, 
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and (by integrating by parts) 

w% x{uidxV + vdxU2)w1fXvdx\ 
< (||9^wi|joo + ||<9x'U2||oo)||w^a:^w|l2 + ||"i||oo||a::^?^||2||w?/a;w||5 



inserted in the energy estimate for p.9p together with the resuh in the previous 
step p.8|) allows us to conclude that for any T > 

sup ||w^ot||2 < CT, 

te[-T,T] 

with ct independent of N. Hence, it follows that 

(3.12) sup \\x^v\\2<Mt. 

te[-T,T] 

Now, we shall estimate wj^xdxV. From the equation 

dt{xdxv) + "Udx (xdxv) — 2HdxV + xdx{uidxV + vdxU2) — 0, 
we obtain that 

dt{w%xdxv) + Hdl (wjfxdxv) - 2'H{dxW%dx{xdxv)) 

(3.13) - nidUw%)xdxv) - [H; w%]dUxdxv) - 2w%Hdlv 
+ w%xdx{uidxV + vdxU2) = 0. 

By integration by parts one gets that 

WwNdlvWl < ciWw^dlvh Wdtvh + WdlvWl), 

\\w%dlv\\l<c{\\w%dxV\\2\\wNdlv\\2 + \\wNdxV\\l), 

with a constant c independent of N. We observe that for each N fixed all the 
quantities in p.l4p are finite. Hence, from p.l4p it follows that 

WwNdlvh < C{\\w%dxv\\l/' \\dU\T + WwNdxVh + Wvha), 
\\w%dlvh < c{\\w%dxV\\T \\dU\l^' + \\w%dxV\\2 + |k||2,2), 

with c independent of N. 

Returning to the equation p.l3p we shall use Theorem |4] to get that 

\\w%Hdlvh 

< \\H{w%dlv)\\2 + \m;w%]dlv\\2 

< c{\\w%dM2 + \\dWN\\oo\\vh) = c{D, + \\vh). 

Thus, by combining the second inequality in (13.15^ and Young's inequality it follows 
that 

(3.16) = Wwldlvh < ci\\w%xdxv\\2 + ||«1|4,2). 

Theorem |4] yields the inequality 

\\[n;w%]dl{xdxv)\\2 < cWxdxvh, 
with c independent of N whose value may change from line to line. Also one has 

\\n{dlwl xdxV)\\2<c\\xdxVh. 
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To control the third term in (|3.13|) we write 

\\dx{w%) dx{xdj;v)\\2 

< c{\\wNw'j^xdlv\\2 + \\wNw'ffdxV\\2 

< c(||«;^a>||2 + Wxdxvh) = cpi + Wxdxvh), 

with Di as in p.l6p . So besides the first two terms in (|3.13p it remains to bound 
the contribution from the last term in the energy estimate, i.e. 

/oo 
w% xdx{uidxv + vdxU2)wlf xdxvdx\. 
-oo 

Using our hypothesis and integration by parts it follows that for any T > 

N2{t) < cdl^^rMllloo + ||9j;M2||oo)|| wjfXdxV\\l 

+ (||ui||oo||a;^5^w||2 + ||5^u2||oo|ia;^w||2)|| w%xdxv\\2, 

with ct depending on the initial solutions and their data but independent of iV. 
Collecting the above information we conclude that for any T > 

sup \\wjf xdxV{t)\\2 < CT, 

te[-T,T] 

with Ct depending on the initial solutions ui, U2, the initial data, and on T, but 
independent of TV. Therefore, taking TV '|" cxd it follows that for any T > 

(3.17) sup \\x^dxv{t)\\2<MT, 

tel-T.T] 

with Mt denoting a generic constant which may change line to line but depending 
only on initial parameters and on T. From ()3.15p we have 

sup \\x^dlv{t)\\2 < Mt, 

tG[-T,T] 

by integration by parts one gets that for any T > 

(3.18) sup \\xdlv{t)\\2<MT. 

te[-T,T] 

Using the identity 

x'^Hdlv = ml{x^v) - AUdxixv) + 2nv, 
we get the equation for wj^x'^v 

dtiw%x^v) + mliwlx'v) - 2'H{dxwldx{x^v)) 

(3.19) - n{dlwl x^v) - [H; w%]d^{x'^v) - 4:W%Hdx{xv) 
+ 2w%'Hv + w% x'^{uidxV + vdxU2) = 0. 

We shall use p.lOp and p. lip and deduce the following estimates: 

(using ami ) 

\\w%nv\\2 < 11(1 + X^)nv\\2 < \\XV\\2 + \\X^HV\\2 < \\xv\\2 + \\x^v\\2. 
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(using ([3ll|) and ^J8\i ) 

\\w%nd^ixv)\\2 < \\{l + x'')ndAxv)\\2 

< \\nd^{xv)\\2 + \\x^nd,{xv)\\2 

< \\d,ixv)\\2 + \\xn{xd^{xv))\\2 

< + \\xn{d,ixv))h + 2\\xnixv)\\2 

< ||5xM||2 + \\xd,ixv)\\2 + 2\\X^V\\2, 

(using Theorem SI) 

\\[n;W%]dl{x\)\\2 < c\\dlw%\\oo\\x^v\\2 < 4X^2, 

\\nidlw%x\)\\2 < \\xM2, 

(using dSHD) 

md,W%d^{x^v))\\2 < \\d^W%d,{x^v)\\2 

< 8{\\wNw'r^xv\\2 + \\wNw'NX^d,j:v\\) < S{\\x^v\\2 + \\w%d^v\\2), 
and integrating by parts (for the last term in p.l9p ) 

w]^ x^iuidxV + vdxU2)'uPj^x'^vdx\ 

< iWdxUiWoo + \\dxU2\\oo)\\wjfX^v\\l + \\ui\\^\\w%xv\\2\\wjfx'^v\\2. 

Collecting this information in the energy estimate for p.l9p together with the result 
in the previous steps p.lSp and p.l7p allows us to conclude that for any T > 

sup ||w^a;^w||2 < Mr, 

t&[-T,T] 

with Mt independent of N. Hence, it follows that 

(3.20) sup \\x^v\\2<Mt. 

te[-T,T] 

Hence, for any T > 

i;ei°°(hr,T] :Z4,4), 
which yields the desired result. 

4. Proof of Theorem [2] 
We introduce the notation 

(4.1) ^;(t,e,«o)=5|(e-^*l«l«uo), j = 0,1, 2, 3, 4. 
Therefore, 

^^3(t,^,^2o)-a|(e'"l«l«uo) 

(4.2) = e-''^^i^i{8it^fuo - Ut^^uo - Ut^C^d^ua 

— 6itagn{£_)d^UQ — 6it\£_\d'^UQ — 2itduQ + O^uq). 

We observe that since the initial data uq has zero mean value (i.e. uo{0) — 0) 
the term involving the Dirac delta in (|4.2I) vanishes. Thus, under the assumption 
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that uo has zero mean value one finds that 
f4(t,e,uo) = a|(e-'*l«l«2o) 

- 12ii sgn(C)a|uo - 24i2^2a|uo - 8it\^\dluo + a|wo) 



(4.3) 



Hence 
(4.4) 
and 
(4.5) 
where 



dlui^,t)=Fi{t,^,uo)- / Fi{t-t\^,z(t'))dt\ 



-dxU^ 



l — U * u. 

2 



except 



We shall see that if uo G ^4,4 all terms Ej, j — 1, 10 in 



(4.6) E5{t,C,uo) = e-'^^^^^{-6itSd^uo{^)) ^ ~6itSd^uo{0) ^-6tS / xua{x)dx 
are in L^(M). Thus, we have 



(4.7) 



El 

E2 

Ei 

Ee 
Er 

Es 
Eq 
E 



12<2e-^*l«l«^2o||2 < ct \\uo\\2, 
48t3|e|^e-*l«l«uol|2<Ci||a2uo||2, 

48t2^e-'*l«l«a^uo||2 < Ct (holb + Wxd^uoh) 



\\xdxUo\\2 



24i2^2g-.t|«|«52^^||^ < Ct (lluolb + Wx'dluoh 
12tsgn(Oe-^*l«l«5|wo||2 <Ct||a;2uo||2, 
8t|C|e-^*l«l«5|Mo||2<c*(||a;3a,uo||2 + ||x2wol|2), 
io||2 = ||e~'*l^l^5|Mo||2 < Ct ||a;'*uo||2- 

Since uq G ^4^4 = i7'*(M) n i^(|a;|*(ia;), by using interpolation it follows directly 
that all the terms on the left hand side of ()4.7p are bounded. In fact, 

Ej eC{R: L^{R)), for 1 < j < 10, j ^ 5. 

Thus, 

(4.8) Fi-Ez= Fi{t, uo) - E^{t, ^ uq) e C(M : ^^(R)), 

and since E^ e C(R : H-^^/'^+''\M)), e > 0, one has 

FieC{M.: H-^^'^+'\R)), e>0. 
Next, we shall consider the integral term in (14. 5p 

0==17(t,C,^)= / Fi(t-t',^,z{t'))dt', 
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with 



z — —OrU'^ = i—u * u. 
2 2 



We are assuming that uq G ^5,4, therefore from Theorem A we have that the 
corresponding solution u{x, t) of (11.11) satisfies that 



u e C(R : Z, 



Thus, 



and hence 



u e C(K : Z. 



^7/2-, 5J1 



u^ue C(R : Z, 



^6.5 j 



so we can conclude that 

(4.9) e C(M : ^4,4)- 

Above we have seen that if uq G Z4.4, then all the ten terms of F^ity^^uo) (see 
(143)) ) except (see (|46)) ) are in C(M : ^^(R)). The same argument, the fact that 
udxU has mean value zero, (|4.7I) . and (14. 9p proves that 

n{t,^,z)= [ F4t--t',^,z{t'))dt' 



10 „f 10 
^ / £;,(i-t',e,z(W^E^^(^'^'^)' 



with 



Therefore, 



10 

Ej{t-t',i,z{t'))dt' = 
B, = Bj{t,^,z) G C(M : L2(R)), 1 < j < 10, j ^ 5. 



f7(t,e,?)- / E^{t-t',tz{t'))dt' 







(4.10) Jo 2 ^ 

= n + 6iS [ {t-t')d^{ju*u){0,t')dt' 







EE 17 - S5 G C(R : 

We observe that 



f A; i '/ ■ '/ : ' II. / ' : i.ra() , /;:()./': / j X udxU{x,t')dx 



1 / I \ wO ^11 ii9 ^ 



(4.11) 

Using (|4.1ip and integration by parts it follows that 



^I|w(^')ll2 = 2ll"oll2 = / xu{x,t)dx. 
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(4.12) 



B5 = -6iS I {t~t')d^i-^u*u)iO,t')dt' 

-6i6 I (*-*')(i^y" xu{x,t')dx)dt' 
6 5{{t-t') I xu{x,t')dx\i,zl + J {j xu{x,t')dx)dt') 
-&5[t I xuo{x)dx — / ( / X u{x,t')dx) dt'). 



Since, B5 G C(R : H-^^/^+^\R)), e > 0, one has that 

n e C{R : H-'^^/^+'\R)), e > 0. 
Collecting the above information we have that 

a|M = F4 - O e C(M : H-^^/^+'\R)), e > 0, 

and by g^) and 

diu -E5+B5 

^Fi{t,^,uo)- f Fi{t~t\^,?{t'))dt' -E5+B5 
Jo 

= F4{t,^,uo) - n{t,^,z) -E5 + B5 e C{R : L\R)). 
Now, using (|4.1ip it follows that 
E5{t)-B5{t) 

= -6t5jxuoix)dx + 6S{tJxuoix)dx^~ ^ [j xuixX)dx)dt') 
= -6(5 / { xu{x,t')dx)dt') = ~6S / { xuoix)dx + l-\\uo\\l)dt' 



Jo J 

-6S{t xuo{x)dx + —\\uo\\l), 



which vanishes only at 

i* = - ^ 

\\U0\\2 



^* — ~ T\ — I xuo{x)dx, 



and at that time we have that 

dlu{-,t*) e L^R), 

which yields the desired result. 
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